In this paper, introducing generalized quasi uniformity (in short, g-quasi uniformity) and g-quasi uniformly continuous maps, it has been shown that every supratopology is achievable from a g-quasi uniformity; moreover, a g-continuous map between a pair of supratopological spaces is indeed the induced map obtained from the g-quasi uniformly continuous map between the corresponding g-quasi uniform spaces. These results establish a functorial correspondence between the respective categories. Descriptions of g-neighbourhood system, g-interior operator and subspaces of GTS alongwith a characterization of µ-T 1 -ness of a GTS in terms of g-quasi uniformity are established. Further, introducing g-quasi uniform isomorphism in a natural way, a couple of g-quasi uniform properties are also discussed.
Introduction and Preliminaries
In 1983, Mashhour et al. [1] initiated the study of some generalization of topology, called supratopology, on a nonempty set X. After the introduction of generalized topology (in short, GT) in 2002 [3] , it has been noticed that a strong form of GT, termed as strong GT [4] coincides with the already existing notion of supratopology. In otherwords, supratopological spaces form a proper subcollection of generalized topological spaces.
Since its inception in 2002 [3] , generalized topology (in short, GT) have been extensively studied from various directions by several eminent mathematicians. It has been observed that supratopology, and hence generalized topology, unifies open sets and various wellknown generalizations of open sets, viz., θ-open [9] , δ-open [9] , semiopen [7] , pre-open [2] , etc. In a similar way, generalized continuity [3] brings several variants of continuous functions under the same roof.
On the otherhand, in [8] , Pervin proved that every topological space is quasi-uniformizable. This result helped in establishing functorial correspondence between the category of topological spaces and continuous maps and the category of quasi-uniform spaces and quasi-uniformly continuous maps.
In the first half of this paper, introducing a generalization of quasi-uniformity, called generalized quasi uniformity (in short, g-quasi uniformity), we have shown that not only every g-quasi uniformity induces a supratopology, every supratopology is always achievable from a g-quasi uniformity.
In the later half, we begin with precise descriptions of generalized neighbourhood system, generalized interior operator and subspaces of generalized topological spaces in terms of g-quasi uniformity. Finally, we introduce and characterize g-quasi uniform continuous functions and have proved that g-quasi uniform continuous functions induce g-continuous functions between the respective induced spaces and vice-versa. A functorial correspondence between the category of supratopological spaces and g-continuous maps and the category of g-quasi uniform spaces and g-quasi uniformly continuous maps is also discussed.
We list a few known definitions and results that are subsequently required.
Let X be a nonempty set and µ be a collection of subsets of X (i.e. µ ⊆ P(X)). µ is called a generalized topology (briefly GT) [3] on X iff ∅ ∈ µ and G λ ∈ µ for λ ∈ Λ( = ∅) implies ∪ λ∈Λ G λ ∈ µ. The pair (X, µ) is called a generalized topological space (briefly GTS). The elements of µ are called µ-open sets and their complements are called µ-closed sets. The generalized closure of a subset S of X, denoted by c µ S, is the intersection of all µ-closed sets containing S. The generalized interior of a subset S of X, denoted by i µ S, is the union of all µ-open sets contained in S. The set of all µ-open sets containing an element x ∈ X is denoted by µ(x). A GTS (X, µ) is called a supratopological space [1] 
Generalized quasi-uniformity and generalized quasi-uniformizable spaces
In this section, we introduce a generalization of quasi uniform spaces, called generalized quasi uniform space and prove that a supratoplogical space is always generalized quasi-uniformizable. Definition 2.1. Let X be a nonempty set. A nonempty family U of subsets of X × X is called generalized quasi uniformity (or g-quasi uniformity) on X if the following hold:
The pair (X, U) is called a generalized quasi uniform space (or g-quasi uniform space). Definition 2.2. Let U be a generalized quasi uniformity on a nonempty set X. A nonempty subcollection B of U is called a base for generalized quasi uniformity, if every member of U contains a member of B (i.e., for each U ∈ U there exists a B ∈ B such that B ⊆ U ). Theorem 2.3. A nonempty family B of subsets of X × X forms a base for the g-quasi uniformity U on X iff the following conditions hold:
Proof. Let a nonempty family B of subsets of X × X satisfy the conditions. Consider, U = {U ⊆ X × X : U ⊇ V f or some V ∈ B}. Clearly U = ∅, as B ⊆ U. Now, U ∈ U ⇒ ∃V ∈ B such that V ⊆ U and by condition (1) ∆ ⊆ V ⊆ U . Therefore ∆ ⊆ U , ∀U ∈ U. Again, U ∈ U and W ⊇ U ⇒ ∃V ∈ B such that V ⊆ U ⊆ W ⇒ W ∈ U. Also for any U ∈ U, ∃V ∈ B such that V ⊆ U . By condition (2) ∃W ∈ U such that
Hence U forms a g-quasi uniformity on X. By the definition of U it is clear that B is a base for the g-quasi uniformity U.
Conversely, Suppose B is a base for some g-quasi uniformity U on X. Condition (1) is immediate as B ⊆ U.
In what follows, we use the notation U (A) to denote the set {x ∈ X : (a, x) ∈ U, f or some a ∈ A}, for any A ⊆ X (A = ∅) and any U ⊆ X × X. In particular, if A = {p}, then U (p) = {x ∈ X : (p, x) ∈ U }. Theorem 2.4. Let U be a g-quasi uniformity on a nonempty set X. A family µ of subsets of X is defined as follows:
Remark 2.5. The supratopology obtained in Theorem 2.4 is called the supratopology induced by the generalized quasi uniformity U and is denoted by µ(U).
We show next that a supratopological space is always generalized quasi uniformizable. For that we begin with the definition of generalized quasi uniformizable GTS.
Lemma 2.6. Let (X, µ) be a supratopological space. Then B = {B G : G ∈ µ} is a base for some g-quasi uniformity on X, where
To prove the second condition for base of a g-quasi uniformity it sufficies to show that
Thus B forms a base for some g-quasi uniformity.
Lemma 2.7. Let (X, µ) be a supratopological space and U a g-quasi uniformity generated by a base
Remark 2.8. The generalized quasi uniformity obtained from supratopology µ on X in lemma 2.7 is denoted by U µ .
Theorem 2.9. Every supratopological space is generalized quasi uniformizable.
Proof. Follows from Lemma 2.6 and Lemma 2.7.
Remark 2.10. In case the supratopology µ (of Lemma 2.6) is a topology then the collection B forms a quasi-uniformity on E, known as Pervin quasi-uniformity [8] .
Remark 2.11. If (X, U) is a g-quasi uniform space then one gets a supratopological space (X, µ(U)) and thereby obtains a g-quasi uniform space (X, U µ(U ) ). It is easy to see that U is finer than U µ(U ) . However, they induce the same supratopology on X; i.e., µ(U) = µ(U µ(U ) ).
Theorem 2.12. Let E be a subset of a g-quasi uniform space (X, U). Then U E is a g-quasi uniformity for
Proof. We first show that U E is a g-quasi uniformity on E.
3. Induced supratopology in terms of generalized quasi-uniformity
Then ψ µ is a GNS on X, which is formed as the GNS generated by the GT µ (briefly µ-GNS). Each member of ψ µ (x) is called a µ-nbd of x.
Theorem 3.3. Let (X, U) be a g-quasi uniform space with the induced supratopology µ(U). Then U (x) is a µ-nbd of x, for each U ∈ U.
. Consequently by definition of G, z ∈ G. Therefore, for y ∈ G, ∃W ∈ U such that y ∈ W (y) ⊆ G. Hence, G ∈ µ(U).
Definition 3.4.
A family B x of µ-nbds of x is called a basis for the µ-GNS at x iff every µ-nbd of x contains some member of B x .
Theorem 3.5. Let (X, U) be a g-quasi uniform space with the induced supratopology µ(U). Then for each x ∈ X, {H(x) : H ∈ B} forms a base for the µ-GNS η x at x, where B is a base for the g-quasi uniformity U.
B is a base for the g-quasi uniformity U, so for U ∈ U, ∃ B ∈ B such that B ⊆ U and x ∈ B(x) ⊆ U (x) ⊆ N . By Theorem 3.3, {H(x) : H ∈ B} is a subcollection of η x . Therefore, {H(x) : H ∈ B} is a base for η x .
Theorem 3.6. Let (X, U) be a g-quasi uniform space with the induced supratopology µ(U). If η x is the µ-GNS at x, then η x = {H(x) : H ∈ U}.
Proof. Let B be a base for the g-quasi uniformity U. Then by Theorem 3.5 {B(x) : B ∈ B} forms a base for the µ-GNS η x at x ∈ X. In view of Theorem 3.3 , H(x) ∈ η x , ∀ H ∈ U and so {H(x) : H ∈ U} ⊆ η x . To show the reverse inclusion let N ∈ η x . Now B x = {B(x) : B ∈ B} is a base for η x and so ∃ B ∈ B such that B(x) ⊆ N . Let V = {(x, y) : y ∈ B(x)}. Clearly V ⊆ B and (B\V )(x) = ∅. To complete the proof, we show that (N × N ) ∪ (B\V ) = U ∈ U and N = U (x). For (x, y) ∈ V ⇒ y ∈ B(x) ⊆ N ; also x ∈ N . Thus
i.e., N ⊆ U (x) and so N = U (x).
Definition 3.7.
[5] Let (X, µ) be a generalized topological space. X is called µ-T 1 if for any two points x = y there exist two µ-open sets U and V containing x and y respectively such that x / ∈ V and y / ∈ U . Theorem 3.8. A g-quasi uniform space (X, U) with the induced supratopology µ(U) is µ-T 1 if and only if the intersection of all members of U is the diagonal ∆.
Proof. Suppose that (X, µ(U)) is µ-T 1 . Consider any (a, b) ∈ (X × X)\∆, which implies that a = b.
Conversely, let the intersection of all members of U be ∆. Let us take two point a, b in X such that a = b, then (a, b) / ∈ ∆. So by the assumption ∃U ∈ U such that (a, b) / ∈ U , i.e., b / ∈ U (a). Again U (a) is a µ-nbd of a. So ∃ G ∈ µ(U) such that a ∈ G and b / ∈ G. Similarly from (b, a) / ∈ ∆ it can be shown that ∃H ∈ µ(U) such that b ∈ H and a / ∈ H. Hence (X, µ(U)) is µ-T 1 .
Theorem 3.9. Let (X, U) be a g-quasi uniform space with the induced supratopology µ(U) and B be a base for U. Then for any A ⊆ X, i µ A = {x ∈ X : V (x) ⊆ A f or some V ∈ B}.
Proof. Suppose P = {x ∈ X : V (x) ⊆ A, f or some V ∈ B}. It sufficies to show that P is the largest µ-open set contained in A. y ∈ P ⇒ V (y) ⊆ A for some V ∈ B. i.e., y ∈ V (y) ⊆ A, which implies that
By the definition of P , y ∈ P and so G ⊆ P . It remains to show that P is a µ-open set. For that purpose let p ∈ P . Then ∃W ∈ B such that
is obvious. Therefore P is the largest µ-open set contained in A, i.e. P = i µ A. 
For a function f : X → Y , we consider a function f 2 :
Theorem 4.2. Let (X, U) and (Y, V) be two g-quasi uniform spaces. Then for any function f : (X, U) → (Y, V) the following are equivalent:
Proof. Straightforward. For any W ∈ W, ∃V ∈ V such that g 2 (V ) ⊆ W and for V ∈ V, ∃U ∈ U such that f 2 (U ) ⊆ V . Hence
Theorem 4.4. Let U and V be two g-quasi uniformity on a set X. Then V ⊆ U iff the identity map i : (X, U) → (Y, V) is g-quasi uniform continuous.
Proof. Straightforward.
Theorem 4.5. Let f be a function on a set X to a g-quasi uniform space (Y, V). Then the family B = {f −1 2 (V ) : V ∈ V} is a base for a g-quasi uniformity U on X which makes f g-quasi uniformly continuous.
i.e., we have a B ∈ B with B • B ⊆ U . Hence B forms a base for some g-quasi uniformity U on X. 
Hence f is g-quasi uniform continuous.
Proof. Let G ∈ µ(V). We have to show that
Definition 4.8. Let (X, U) and (Y, V) be two g-quasi uniform spaces. A function f : (X, U) → (Y, V) is said to be a g-quasi uniform isomorphism (or g-quasi uniform isomorphism) if f is a bijection and both f and f −1 are g-quasi uniform isomorphisms.
In case there exists a generalized quasi uniform isomorphism f : (X, U) → (Y, V), then X and Y are said to be g-quasi uniform equivalent. A property P of a g-quasi uniform space is said to be a generalized quasi uniform property (or g-quasi uniform property), if P is preserved by a generalized quasi uniform isomorphism.
Definition 4.9. A g-quasi uniform space (X, U) is said to be totally bounded if for any U ∈ U, ∃ a finite number of points of X, say
Theorem 4.10. Total boundedness of a g-quasi uniform space is a g-quasi uniform property.
Proof. Suppose (X, U) is totally bounded g-quasi uniform space and f : (X, U) → (Y, V) is a g-quasi uniform isomorphism. We shall show that (Y, V) is a totally bounded space. Let V ∈ V. By g-quasi uniform continuity of f , ∃ U ∈ U such that f (U (x)) ⊆ V (f (x)), ∀x ∈ X. As X is totally bounded,
Definition 4.11.
[6] Let X be a nonempty set. Then a net in X is a function P : Λ → X, where (Λ, ≤) is some directed set. The point P (λ) is usually denoted by x λ and the net is often denoted by {x λ : λ ∈ Λ} (or, (x λ ) λ∈Λ ).
Definition 4.12. A net {x α : α ∈ Λ} with directed set (Λ, ≤) as a domain in a g-quasi uniform space (X, U) is said to be a Cauchy net if for each U ∈ U, there exists some λ ∈ Λ such that (x α , x β ) ∈ U whenever α, β ≥ λ.
Theorem 4.13. The property that a net is Cauchy is a g-quasi uniform property.
Proof. Let f : (X, U) → (Y, V) be a g-quasi uniform isomorphism and S ≡ {S λ : λ ∈ Λ} be a cauchy net in X. Let us consider the function T : Λ → Y where T = f • S. Clearly T is a net in Y . We show that T is a Cauchy net in Y . Let V ∈ V. Then by g-quasi uniform continuity of f , there exists
Definition 4.14. A g-quasi uniform space is said to be complete if every cauchy net in it converges.
Theorem 4.15. Completeness of a g-quasi uniform space is a g-quasi uniform property.
Proof. Let f : (X, U) → (Y, V) be a g-quasi uniform isomorphism and (X, U) be a complete g-quasi uniform space. We have to show that (Y, V) is also a complete g-quasi uniform space. Suppose {y λ : λ ∈ Λ} is a Cauchy net in Y with directed set (Λ, ≤) as domain. Since f is a g-quasi uniform isomorphism, f −1 is also g-quasi uniform continuous and so {f −1 (y λ ) : λ ∈ Λ} is a Cauchy net in X. By completeness of X, {f −1 (y λ ) : λ ∈ Λ} converges to some x ∈ X. Let V ∈ V. Then by g-quasi uniform continuity of f there exists U ∈ U such that (p, q) ∈ U ⇒ (f (p), f (q)) ∈ V . By convergence of {f −1 (y λ ) : λ ∈ Λ}, there exists λ 0 ∈ Λ such that f −1 (y λ ) ∈ U (x), ∀λ ≥ λ 0 , i.e., (x, f −1 (y λ )) ∈ U , which implies that (f (x), y λ ) ∈ V and hence y λ ∈ V (f (x)), ∀λ ≥ λ 0 . Therefore {y λ : λ ∈ Λ} is eventually in V (f (x)) for any V ∈ V. Hence {y λ : λ ∈ Λ} converges in Y .
Functorial correspondence between the categories ST S and GQU S
The collection of all supratopological spaces and the g-continuous maps form a full subcategory of the category of generalized topological spaces and the g-continuous maps. In what follows, we denote this subcategory by ST S. On the otherhand, all generalized quasi uniform spaces together with the generalized quasi uniform continuous maps form a category, which we denote by GQU S.
There is a couple of functors between these two categories ST S and GQU S, which we see in the next theorem.
Theorem 5.1. (a) There exists a covariant functor F : ST S → GQU S, described as follows: (i) (X, µ) → (X, U µ ), where U µ is the g-quasi uniformity obtained from µ;
(ii) (g : (X, µ) → (Y, η)) → (g : (X, U µ )) → (Y, U η )) (b) There exists a covariant functor G : GQU S → ST S, described as follows: (i) (X, U) → (X, µ(U)), where µ(U) is the supratopology induced from U; (ii) (g : (X, U) → (Y, V)) → (g : (X, µ(U)) → (Y, µ(V))).
Theorem 5.2. (i)
The collection of all g-quasi uniform spaces obtained from some supratopological space and the corresponding g-continuous maps form a full subcategory GQU S * of the category GQU S.
(ii) The restriction of the functor G (denoted by G res )on GQU S * is also a covariant functor.
